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Abstract
We give sharp upper bounds on the upper signed domination number of nearly regular graphs
and on the minus domination number of connected cubic graphs. c© 2001 Elsevier Science B.V.
All rights reserved.
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For a graph G=(V; E) and M ⊂V , let dM (v)=|{u ∈ M : uv ∈ E(G)}|. If d(v)=k−1
or k for all v ∈ V , then we call G a nearly k-regular graph. For A⊂V , B⊂V and
A ∩ B= ∅, let e(A; B) = |{xy ∈ E(G) : x ∈ A; y ∈ B}|.
For any real-valued function f : V → R and S ⊆V , let f(S) =∑u∈S f(u) and
f[v] = f(N [v]), where N [v] is the closed neighborhood of v. A signed dominating
function of G is a function f : V → {−1; 1} such that for every v ∈ V , f[v]¿1. A
dominating function g : V → R is a minimal dominating function if every dominating
function h satis:es g(v)6h(v) for every v ∈ V . The upper signed domination number
of G is s(G) = max{f(V ) : f is a minimal signed dominating function on G}. A
minus dominating function of G is a function f : V → {−1; 0; 1} such that f[v]¿1
for all v ∈ V . The minus domination number for a graph G is −(G) =min{f(V ) : f
is a minus dominating function on G}, while the upper minus domination number of
G is −(G) = max{f(V ) : f is a minimal minus dominating function on G}.
Many results on minus domination or signed domination in graphs have been pre-
sented by various authors [1,2,4,5,7–10]. For other terminology we follow [6].
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Theorem 1. If G is a nearly (k + 1)-regular graph of order n; then
s(G)6
{
n(k + 2)=(k2 + 6k + 4) for k even;
n(k2 + 3k + 4)=(k2 + 5k + 2) for k odd
and this bound is sharp.
Proof. If k=1, then d(v)=1 or 2 for every vertex v ∈ V (G). It is obvious s(G)6n.
Suppose k¿2. Let g be a minimal signed dominating function of weight g(V (G)) =
s(G). Let M = {x ∈ V : g(x) = −1}, P = {x ∈ V : g(x) = 1}. Then M = ∅. Further
let H = {v ∈ V : d(v) = k}, N = {v ∈ V : d(v) = k + 1}. Denoted by |M ∩ H | = u1,
|M ∩ N | = u2. Clearly, if v ∈ P ∩ H then g[v] = k + 1 − 2dM (v) and if v ∈ P ∩ N
then g[v] = k + 2− 2dM (v), and dM (v)6(k + 1)=2, for every vertex v ∈ P ∩ N and
dM (v)6k=2, for every vertex v ∈ P ∩ H . For 06i6k=2, 06j6(k + 1)=2, let
Aj = {v ∈ P ∩ N; dM (v) = j}, Bi = {v ∈ P ∩ H; dM (v) = i} and |Aj| = aj; |Bi| = bi.
Obviously,
n= u1 + u2 +
k=2∑
i=0
bi +
(k+1)=2∑
j=0
aj and e(M;P)6u1k + u2(k + 1): (1)
Hence,
a1 + 2a2 + · · ·+
⌊
k + 1
2
⌋
a(k+1)=2 + b1 + 2b2 + · · ·+
⌊
k
2
⌋
bk=2
6u1k + u2(k + 1): (2)
On the other hand, since g is minimal, for every vertex v ∈ A0 ∩ B0, there is a vertex
x ∈ N [v] with g[x] = 1 or 2, since N (v) ∩ M = ∅, and g[vi] = k + 1 − 2i for every
vi ∈ Bi and g[vj] = k + 2− 2j for every vj ∈ Aj. Therefore, we have
e(A0 ∪ B0; A(k+1)=2 ∪ Bk=2)¿a0 + b0: (3)
Case 1: k is even. Every vertex v ∈ Ak=2 (respectively, Bk=2), has at most k=2 + 1
(respectively, k=2) neighbors in A0 ∪ B0. We deduce that
e(A0 ∪ B0; Ak=2 ∪ Bk=2)6k + 22 ak=2 +
k
2
bk=2: (4)
Using (1)–(4) we obtain
n6 u1 + u2 +
k + 4
k
[
a1 + b1 + 2a2 + 2b2 + · · ·+ k2ak=2 +
k
2
bk=2
]
6 u1 + u2 +
k + 4
k
[u1k + u2(k + 1)]
6
k2 + 6k + 4
k
(u1 + u2)
which gives u1+u2¿[k=(k2+6k+4)]n and s=n−2(u1+u2)6[(k+2)2=(k2+6k+4)]n.
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Case 2: k is odd. Then k + 1 is even. By the same manner, :rst we get
a0 + b06e(A0 ∪ B0; A(k+1)=2 ∪ B(k−1)=2)6k + 12 b(k−1)=2 +
k + 1
2
a(k+1)=2: (4’)
It follows from (1)–(3) and (4’) that u1 + u2¿[(k − 1)=(k2 + 5k + 2)]n and s =
n− 2(u1 + u2)6[(k2 + 3k + 4)=(k2 + 5k + 2)]n.
Obviously, we have:
Lemma A. Let G be a cubic graph and A⊆V (G). Then the following assertion are
equivalent:
(1) There exists a minus dominating function f of G such that f(x) = −1 for all
x ∈ A while f(x) = 1 or 0 for all x ∈ V (G)− A.
(2) The distance between any two distinct vertices of A in G is at least 3.
Lemma B. Let G be a cubic graph of order n. If f is a minimal minus dominating
function of G and A= {v ∈ V (G) : f(v) = 1}; then |A|6 34n.
Proof. Let T = {x ∈ V : f(x) = 0}, M = {x ∈ V : f(x) = −1}. Since G is a cubic
graph, for every vertex x ∈ A, we have f[x] = 4− 2dM (x)¿1. So, dM (x)6 32 , that is,
dM (x) = 0 or 1. Let Aij = {v ∈ A : dM (v) = i; dT (v) = j}, i; j = 0 or 1. And P = {v ∈
A : dM (v) = 0; dT (v)¿1}. Let |A10| = a10; |A11| = a11; |A00| = a00 and |P| = a. For any
vertex v ∈ T , f[v]=dA(x)−dM (x)¿1, so T =B0∪B1, where Bi={v ∈ T : dM (v)= i}
and |Bi|= bi; i = 0; 1. Since f is minimal, we deduce that
a006e(A00; A11)6a11: (1)
On the other hand, let |M |= m; |T |= t, by Lemma A we have
a10 + a11 + b1 = e(A ∪ T;M) = 3m: (2)
Consider the edges between the vertices of A and T , we deduce
a11 + a6e(A; T )63b0 + 2b1: (3)
Obviously,
n= |A|+ |M |+ |T |: (4)
Therefore,
n = a+ a00 + a11 + a10 + b0 + b1 + m
6 a+ a11 + a11 + a10 + b1 + b0 + m
6 4m+ b0 + 3b0 + 2b1
6 4(m+ t):
So, (m+ t)¿n=4 and |A|6 34n.
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We call a vertex set D of graph G a 2-packing if d(x; y)¿3 for every vertex
x; y ∈ D.
Lemma C (Favaron [3]). A connected cubic graph G of order n contains a 2-packing
of at least (n − 2)=8 vertices; and of at least n=8 vertices if G is not the Petersen
graph.
Theorem 2. Every connected cubic graph di9erent from the Petersen graph satis:es
−(G)6 58n.
Proof. Let f be a minimal minus dominating function taking the value −1 on the
vertices of the 2-packing M as in Lemma C, and the value 1, or 0 elsewhere. Let
A = {v ∈ V (G) : f(v) = 1}. Thus |M |¿n=8. By Lemma B, |A|6 34n. So, −(G)6
3
4n− n8 = 58n.
Theorem 3. If G is a cubic graph of order n; then −(G)6 34n− 1.
Proof. Suppose f is a minimal minus dominating function of a cubic graph G. Let
M = {x ∈ V (G) : f(x) =−1} and A= {x ∈ V (G) : f(x) = 1}.
Case (1): M = ∅.
We use the same notation as that employed in Lemma B. Since M=∅, we have A=P
and T=B0. Suppose P is not an independent set. Then the minimality of f implies that
there exists a path u′; u; v; v′ in G with u′; v′ ∈ B0 and u; v ∈ P such that dP(u′)=1 and
dP(v′)=1. Hence, a63b0−4, and so n64b0−4. Thus, a=n−b06n−(n=4+1)=3n=4−1:
On the other hand, if P is an independent set, then 3a= e(P; B0)63b0, and so a6b0.
Thus, n62b0, whence a= n− b06n− n=2 = n=2. Hence, −(G)6a6 12n.
Case (2): M = ∅.
Since n= t + m+ |A| and |A|6 34n (by Lemma B). Thus, −(G)6 34n− 1.
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